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Tychonoff space Markov [M] free (abelian) topo-
logical groups
1 (A. A. Markov) $X$ $F(X)$
group topology $\mathcal{T}$ $((F(X), \mathcal{T})$ ( $F(X)$ ) $X$
(Free topological group on $X$ )
(1) $F(X)$ $X$
(2) $X$ $F(X)$
$X$ (Free abelian topological group) $A(X)$






(X) $=$ {$g\in F(X)$ : $g$ $F(X)$ $n$ },
$A_{n}(X)=$ {$g\in A(X)$ : $g$ $A(X)$ $n$ },




2 $X$ countable cover $\{X_{n} :n\in N\}$ of $X$ $X$ inductive limit
of $\{X_{n^{;}}’n\in N\}$ $X$ $U$
$U$ : open in $X\Leftrightarrow U\cap X_{n}$ : open in $X_{n}$ for $\forall n\in N$
$X= \lim_{arrow}\{X_{n} : n\in N\}$
Free topological groups $F(X)$ $F(X)=$
$\lim\{F_{n}(X) :n\in N\}$ (X) product space $(X\oplus$
$X^{-1})^{n}$
$F(X)= \lim_{arrow}\{F_{n}(X) : n\in N\}$
Graev
1 ([G]) $X$ compact $F(X)= \lim_{arrow}\{F_{n}(X) :n\in N\}$
Mack, Morris and Ordman Tka\v{c}enko
2 ([MMO]) $X$ $k_{\omega}$ -space $F(X)= \lim_{arrow}\{F_{n}(X) :n\in N\}$
$X$ $k_{\omega}$ -space $X= \lim_{arrow}\{X_{n} : n\in N\}$ family $\{X_{n} : n\in N\}$ of compact
subset of $X$
3 ([T1]) $X$ $n\in N$ $X^{n}$ normal countably
compact $F(X)= \lim_{arrow}\{F_{n}(X) :n\in N\}$
4 $X$ P-space $F(X)= \lim_{arrow}\{F_{n}(X) :n\in N\}$ $X$
P-space $G_{\delta}$ set open set
$\mathcal{T}=$ { $U$ : $U$ is a $Gs$ set of $F(X)$ } $\mathcal{T}$ $F(X)$ 1 group topology
$X$ P-space $\mathcal{T}|X$ $X$ topology
$\mathcal{T}$ $F(X)$ free topology $F(X)$
P-space
(X) closed in $F(X)$ $F(X)= \lim_{arrow}\{F_{n}(X) :n\in N\}$
$\square$
$F(X)= \lim_{arrow}\{F_{n}(X) : n\in N\}$ $X$
Tka\v{c}enko pseudocompact space
35 ([T2]) Pseudocompact space $X$ $F(X)= \lim_{arrow}\{F_{n}(X) :n\in N\}$




6 $([T2])$ (1) $X^{n}$ :pseudocompact $\Leftrightarrow\beta(F_{n}(X))$ is homeomorphic to $F_{n}(\beta X)$ .
(2) $X^{n}$ :pseudocompact $\Rightarrow i_{n}$ :z-closed ( $i.e$ . zero-set (7) $i_{n}$ image
closed).
(3) $X^{n}$ : normal countably compact $\Rightarrow i_{n}$ : closed.
(4) $X^{n}$ : normal countably compact for $\forall n\in N\Rightarrow F(X)$ :normal.
(5) $X$ :. pseudocompact $\Rightarrow\nu(F(X))$ is topologically isomorphic to $F(\beta X)$ .
$\nu(F(X))$ Hewitt’s realcompactification of $F(X)$
(6) $X$ :pseudocompact $\dim X=0\Rightarrow\dim F(X)=0$ .
1 $([T2])x*=\omega_{1}\oplus\omega_{1}+1$ $x*$ normal locally compa$ct$
$n\in N$ $(X^{*})^{n}$ countably compact (X’)2 normal
Tka\v{c}enko $F(X^{*}) \neq\lim_{arrow}\{F_{n}(X^{*}) :n\in N\}$
$F( \omega_{1})=\lim_{arrow}\{F_{n}(\omega_{1}) : n\in N\}$ $F( \omega_{1}+1)=\lim_{arrow}\{F_{n}(\omega_{1}+1) : n\in N\}$
$F(X)= \lim_{arrow}\{F_{n}(X) : n\in N\}$
topological sum
, $X^{*}=\omega_{1}\oplus\omega_{1}+1$ ( $n\in N$ $F_{n}(X^{*})$ k-space
$F(X)$ compact set $F_{n}(X)$
$F(X^{*})$ k-space
$n\in N$ topology for $F_{n}(X)$ s.t. $i_{n}$ : $(X\oplus X^{-1}\oplus\{e\})^{n}arrow$
$F_{n}(X)$ :quotient 5 6
Pseudocompact space $X$ $F(X)= \lim_{arrow}\{(F_{n}(X), \mathcal{T}_{n}) :n\in N\}$
$n\in N$ $X^{n}$ normal countably compact
$X^{n}$ normal countably compact $X$
$F(X)$ topology $(X\oplus X^{-1}\oplus\{e\})^{n}$ topology $X^{n}$ topology
4compact spaces class metrizable spaces
2 ([Y1]) $X$ hedghog space of spininess $\kappa(\kappa\geq\aleph_{0})$ $n\in N$
$A_{n}(X)$ k-space $A(X)$ k-space
$A(X) \neq\lim_{arrow}\{A_{n}(X):n\in N\}$
7 ([Y2]) Paracompact space $X$
(1) $F(X)$ : $k- space\Leftrightarrow X^{n}$ : k-space for $\forall n\in N$ and $F(X)= \lim_{arrow}\{(F_{n}(X),\mathcal{T}_{n})$ : $n\in$
$N\}$ ,
(2) $A(X)$ : $k- space\Leftrightarrow X^{n}$ : k-space for $\forall n\in N$ and $A(X)= \lim_{arrow}\{(A_{n}(X), T_{n})$ : $n\in$
$N\}$ .
$\mathcal{T}_{w}$ topology for $F(X)$ s.t. $(F(X), T_{w})= \lim_{arrow}\{(F_{n}(X), \mathcal{T}_{n}) :n\in N\}$
$A(X)$ $\mathcal{T}_{w}$
$\mathcal{T}_{w}$ group topology $Arhange1’ ski_{I}\cdot$ , Okunev, Pestov [AOP]
8 $([Y2])$ Metrizable space $X$
(1) $F(X)$ : k-space,
(2) $F(X)$ : $k_{\omega}$ -space or discrete,
(3) $T$ : group topology for $F(X)$ ,
(4) $F(X)=(F(X), T_{w})$ ,
(5) $X$ : locally compact separable or discrete.
9 ([Y2]) Metrizable space $X$
(1) $A(X)$ : k-space,
(2) $T_{w}$ : group topology for $A(X)$ ,
(3) $A(X)=(A(X),\mathcal{T}_{w})_{f}$
(4) $X$ : locally compact and the set of all nonisolated of $X$ is sepamble.
3 Sequential condition
Ordman and Thomas
10 ([OT]) $X$ nontrivial convergent sequence $F(X)$ $S_{\omega}$
closed set $S_{\omega}$ Arhangel $ski\iota and$ Franklin’s space
51 $F(X)$ nontrivial convergent sequence $F(X)$ $S_{\omega}$ closed set
?




11 $([Tk])X$ compact space $|X|=\tau\geq\aleph_{0}$ $F(A_{X})$ :topologically
isomorphic to $F(X\oplus aD.)$ . $A_{X}$ Alexandmv duplicate $\alpha D_{\tau}$ one-point
compactification of a discrete space $D_{\tau}s.t$. $|D_{\tau}|=\tau$ .
3 $([Tk|)X$ infinite compact space $F(A_{X})$ one-point compactification
of a discrete space $Ds.t$. $|D|\leq|X|$ $X$ convergent sequence
( $X=\beta\omega$ ) $A_{X}$ 2
$F(X)(A(X))$ nontrivial convergent sequence
Eda, Ohta and Yamada
12 ([EOY]) $X$
(1) $F(X)$ nontrivial convergent sequence
(2) $A(X)$ nontrivial convergent sequence
(3) $X$ convergent sequences $\{x_{i} :i\in N\},$ $\{y_{i} :i\in N\}$
(a) $x_{i}\neq y_{i}$ for $\forall i\in N_{f}$
(b) $|f(x_{i})-f(y_{i})|arrow 0$ as $iarrow\infty$ for $\forall f\in C(X)$ .
convergent sequence limit point discrete space one-point
compactffication one-point compactification of a discrete space
13 ([EOY]) $D$ discrete space of infinite cardinality $\kappa$
$X$
(1) $F_{2}(X)$ $D$ $D\cup\{e\}$ one-point compactification of $D$
(2) $A_{2}(X)$ $D$ $D\cup\{0\}$ one-point compactification of $D$
6(3) $X$ $\{x_{\alpha} : \alpha<\kappa\},$ $\{y_{\alpha} : \alpha<\kappa\}$
(a) $x_{\alpha}\neq y_{\alpha}$ for $\forall\alpha<\kappa_{f}$
(b) $\epsilon$ . $>0$ continuous pseudometric
$d$ on $X$ $d(x_{\alpha}, y_{\alpha})<\epsilon$ for
all but finitely many $\alpha$ .
(4) $X$ $\{x_{\alpha} : \alpha<\kappa\},$ $\{y_{\alpha} : \alpha<\kappa\}$
(a) $x_{\alpha}\neq y_{\alpha}$ for $\forall\alpha<\kappa_{f}$




4 ([EOY]) $D$ infinite discrete space $X$ $\beta D\cross\{0,1\}$ $p\in$
$\beta D\backslash D$ $(p, 0)$ $(p, 1)$ quotient space
$X$ one-point compactification of $D$ $X$
13 (4)
1 Morris and Thompson
14 ([MT]) $X$ $F(X)$ nontrivial convergent sequence $\{y_{i} :i\in N\}$
$Y=\{y_{i} :i\in N\}\cup\{y_{0}\}$ $y0$ limit point of $\{y_{i} :i\in N\}$
$Y$ $F(X)$ subgroup $<Y>(topology$ subspace
topology ) $F(Y)$ topologically isomorphic
10 1
4 $Sipa\check{c}eva$
Free topological groups Sipa\v{c}eva
3 $X$ $Y$ $F(Y)$ $<Y>$ topologically isomorphic
? $<Y>$ $Y$ $F(X)$
4 $X$ Dieudonn\’e complete $F(X)(A(X))$ Weil complete
? $F(X)(A(X))$ Weil complete
two sided uniformity ( $i.e$ . lefl and right uniformity ) complete
75 $X$ stratifiable ( metrizable) $F(X)(A(X))$
?
3 $F(Y)$ $<Y>$ topologically isomorphic
5 $X=\beta\omega,$ $Y=\omega$ $F(Y)$ discrete space
$p\in X\backslash Y$ $y$ $U\in$
2 $x_{U},$ $z_{U}\in U\cap Y$ $E=\{x_{U}\cdot z_{U}^{-1} : U\in \mathcal{U}_{y}\}$ $E\subset<Y>$




15 ([U]) $X$ metrizable space $Y$ closed subset $F(Y)$
$<Y>$ topologically isomorphic
$Sipa\check{c}eva$
16 ([S1]) $X$ subset $Y$ $F(Y)$ $<Y>$ topologically
isomorphic $Y$ pseudometric $X$
pseudometric
17 $([S1\iota)$ $X$ Dkudonne‘ complete $F(X)$ Weil complete
18 ([S1]) $X$ $\dim X=0$ ind $F(X)=0$
4
$\dim F(X)=0$ ( 6(6))
5 $X$ metrizable $F(X)(A(X))$ -
metrizable, $\sigma$-space La\v{s}nev space
19 ([S2]) $X$ metrizable $A(X)$ stratifiable space
8$F(X)$ stratifiable space $X$ stratifiable space
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